A coating of surface active agents on the drop surface is known to severely affect the motion and deformation characteristics of a drop in a flow field with a uniform shear stress gradient. Also the drop motion can be altered by exploiting the advantages of applying an external electric field. In this study we attempt to explore the consequences of surfactant coating on the electrohydrodynamic manipulation of a drop motion in a plane Poiseuielle flow. We employ a 'leaky dielectric model' in solving the electric potential field. In addition we consider bulk insoluble surfactants and a linear dependency of the surface tension on the surfactant concentration. Subsequently a double asymptotic perturbation method is used in terms of small electric Reynolds number and capillary number in the limit of a diffusion-dominated surfactant transport mechanism. Also going beyond the widely employed axisymmetric framework, the coupled system of governing differential equations in three dimensions are then solved by adopting the 'generalized Lamb solution technique'. The resulting important expressions are in agreement with various previous works in the literature in different limiting conditions. The expressions of key variables suggest that the flow curvature of the external flow, the electric field effects and the surfactant effects are coupled in a non-trivial manner, well beyond a linear superposition. A careful investigation shows that surfactant-induced Marangoni stresses interacts with the electrohydrodynamic stresses in a highly coupled fashion. Owing to this, under different combinations of electrical conductivity and permittivity ratios, the Mason number and the applied electric field direction, the surfactants affect differently on the longitudinal as well as cross-stream migration velocity of the drop. The effect of drop deformation on the drop speed is also found to be altered with increased sensitivity of the surface tension on the surfactant concentration, depending on the competing effects of * Email: aditya@mech.iitkgp.ernet.in † Email: suman@mech.iitkgp. the electrohydrodynamic flow modification and the 'tip stretching' phenomena. Further with a suitable choice of electrical property ratios, the Marangoni effects can be used to either direct the drop in reaching a final transverse position towards or away from the channel centerline. The present results may be of utmost importance in providing a deep insight to the underlying complex physical mechanisms. Most importantly the ability of surfactants in selectively controlling the drop motion in different directions, makes them suitable for achieving a new degree of freedom in the electrical actuation of droplets in the microfluidic devices.
Introduction
Electrical actuation of drops and bubbles provides a useful means of manipulating the motion and shape deformation of such objects in a controllable fashion inside microfluidic environments. As a consequence it has found importance in various applications of practical relevance which include but are not limited to electrohydrodynamic atomization (Wu & Clark, 2008) , enhanced mixing of reagents (Hoburg & Melcher, 1977; Tsouris et al., 2003) , enhanced coalescence and separation (Ptasinski & Kerkhof, 1992) , ink-jet printing (Basaran, 2002) , electrowetting (Banerjee et al., 2012) etc. Adding to this, various nonlinear phenomenon such as the shape deformation Taylor, 1966) , fluid inertia (Mortazavi & Tryggvason, 2000; Magnaudet, 2003) , viscoelasticity (Mukherjee & Sarkar, 2013) and presence of surface active agents (Anna, 2016; Baret, 2011) typically interacts with the drop dynamics, either being intentionally introduced or present in the system owing to unavoidable physical circumstances.
It is quite common in droplet-based microfluidic platforms to transport a drop through a channel using pressure driven flow. In these cases the externally imposed Poiseuielle flow greatly influences the drop movement. Since the fluid flow in these occurrences mostly falls within a creeping flow limit, in the absence of any nonlinear effect, a symmetric flow reversal results. Thus the drop can only move in the applied flow direction only. However the nonlinear effects being coupled with the flow gradients, can break this symmetry and a cross-stream velocity component of the drop is observed (Stan et al., 2011; Griggs et al., 2007; Mortazavi & Tryggvason, 2000; Chen et al., 2014; Chan & Leal, 1979) .
Owing to their ability in modifying the interfacial properties of the drops, the surfactants have been proven to be immensely useful in applications such as emulsion stabilization, droplet generation and so on (Tucker & Moldenaers, 2002; Lequeux, 1998; Fischer & Erni, 2007; Baroud et al., 2010) . Thus a fundamental understanding of the physical consequences of surfactant coating drop surface under an externally imposed Poiseuielle flow, is necessary to optimize the various aspects involved in the practical situations. Hanna & Vlahovska (2010) found that a non-deformable drop with a coating of non-diffusing surfactant molecules on the interface, can migrate perpendicular to the background flow direction in a Poiseuielle flow and finally settles along the centerline of the channel. The study of Pak et al. (2014a) revealed the existence of a similar cross-stream motion when the surfactant transport is predominantly diffusion dominated and convection is weak. In both the cases only an asymmetric distribution of surfactants about the axial plane is the triggering mechanism for such motion. Later Das et al. (2017a) investigated the coupled effect of drop deformation and non-uniformity in surfactant distribution on the lateral movement of a drop. The surfactants are generally amphiphilic molecules which impart rigidity to the surface thus decreasing the mobility in those locations. When the drop is exposed to a dynamic condition, these molecules assumes a non-uniform distribution which further generates a surface tension gradient over the surface. This triggers a flow acting opposite to the flow direction which would have existed otherwise. Such effect is known as the so called 'Marangoni convection' (Subramanian & Balasubramaniam, 2001) . Taylor (1966) was the first to provide a profound theoretical understanding of the deformation behaviour of a leaky diectric drop in another leaky dielectric fluid under a static electric field. The theoretical model introduced by Taylor was subsequently termed as the 'leaky dielectric model' (Saville, 1997) and has been employed in studying the buoyant ans well as gravity driven drops (Ajayi, 1978; Tsukada et al., 1993; . According to this model the bulk is considered to be charge free due to small electrical conductivity of the fluids while the electric field effects comes through the accumulation of charges at the two fluid interface depending on the contrast in the electrical properties. These interfacial charges then gives rise to a net interfacial electrostatic stress known as the Maxwell stress. In later studies it was also identified that charge convection at the interface plays an important role in modifying the electrohydrodynamic flow pattern and the shape deformation (Spertell & Saville, 1974; Feng, 1999; Lanauze et al., 2015; Yariv & Almog, 2016; Sengupta et al., 2017) . Only recently Bandopadhyay et al. (2016a) observed the capability of the charge convection mechanism to break the symmetric flow pattern and cause a lateral movement of a sedimenting drop even without any shape distortion being taken into account. In a later study they brought out the pivotal contribution of charge convection as well as the shape deformation in causing a cross-stream motion of a drop in a background Poiseuelle flow. They found that the drop can reach a steady state final position above or below the channel centerline, in contrary to the case of a drop final position along the centerline in the absence of an electric field (Chan & Leal, 1979) .
The impact of the Marangoni effects in modifying the electrohydrodynamic flow and subsequent drop deformation and breakup was explored through experiments by Ha & Yang (1998) and Zhang et al. (2015) . Ervik et al. (2018) showed that surfactants can also have significant effect on the drop behaviour when an AC electric field is applied. Parallel theoretical models were also developed to gain a sound understanding of the underpinning physical mechanisms (Ha & Yang, 1995; Teigen & Munkejord, 2010; Nganguia et al., 2013; Mandal et al., 2016a; Poddar et al., 2017) . However in all these studies the authors have mostly concentrated on the case of a neutrally buoyant or a sedimenting drop. The simplified configurations of these problems allowed them to consider only an axisymmetric variation of the variables.
To the best of our knowledge no such study exists in the literature that takes into account of the intricate interplay among the electrical Maxwell stress, a shear stress gradient typical to a Poiseuielle flow and the surfactant-induced Marangoni stress, on the migration characteristics of a deformable drop. In the present work we consider the motion of a leaky dielectric drop through another leaky dielectric medium through a plane Poiseuielle flow and under the influence of a applied uniform electric field which can also be adjusted to a tilted configuration. The drop surface is considered to be covered with bulk insoluble surfactant molecules. To capture the ability of the considered physical mechanisms in breaking the symmetry about the axial plane, we employ a complete three dimensional mathematical framework going beyond the widely employed axisymmetric assumption in the earlier studies. Towards making an analytical treatment we solve the fluid flow equations under the Stokes flow regime and adopted a leaky dielectric framework to obtain the electric field potential inside and outside the drop. We then employ a double asymptotic perturbation with the capillary number (Ca) and electric Reynolds number (Re E ) as small perturbation parameters and subsequently consider that the surface Péclet number (P e) is low. Finally, the drop trajectory is obtained under the 'quasi steady state' condition.
Problem Formulation

Description of the physical system
In the present study we consider a viscous drop of radius a migrating through another viscous medium which obeys a plane Poiseuielle flow denoted by
and V 0 is the fluid velocity at the channel centerline. The imposed velocity field is obtained by considering a pressure driven flow in a parallel plate channel which is infinitely extended in y and z directions. The channel height H is considered to be much larger than the drop diameter. The drop is simultaneously acted upon by an imposed DC electric field E ∞ = E 0 (E x i x + E z i z ) in the x − z plane, where E 0 is the chosen characteristic electric field strength and the cartesian components are related as E 2 x + E 2 z = 1. The physical configuration of the present problem prohibits us from adopting a simplified axisymmetric co-ordinate system. Hence we employ a complete three-dimensional co-ordinate system capable of capturing the possible variations of the variables in all three spatial dimensions. The drop surface is considered to be contaminated with non-ionic surfactant molecules with a concentration distribution Γ(θ, φ). This non-uniform distribution of surfactant molecules modifies the interfacial tension of the drop given by γ(θ, φ). Since the drop surface can deform, it assumes a shape with varying radius r S (θ, φ) while migrating in the cross-stream as well as far downstream along the channel.
Governing equations and boundary conditions 2.2.1. Surfactant transport
Under the assumption of bulk insolubility of surfactant, the local concentration distribution of surfactant molecules on the drop surface is dictated by a competition between diffusion and advection processes. The governing equation for surfactant transport takes a form (Leal, 2007; Li & Pozrikidis, 1997; Stone & Leal, 1990 )
Here u S and D S denote the fluid velocity at the drop interface ( u i | r= r S ) and the surface-diffusion coefficient, respectively. This surfactant concentration distribution Γ(θ, φ), in turn, trigger a variation of surface tension γ(θ, φ). Here we assume a dilute concentration of surfactant and a small deviation from the equilibrium throughout the system. This allows us to consider a Figure 1 : Schematic diagram of a viscous, deformable and surfactant-covered drop which is simultaneously acted upon by background plane Poiseuielle flow ( V ∞ ) and a tilted electric field E ∞ (with a tilt angle θ e ). A non-uniform accumulation of charge on the drop interface is also shown. A three dimensional co-ordinate system ( r, θ, φ) is fixed at the centroid of the moving drop. The drop can translate in the plane of the imposed fields with a constant velocity,
The initial transverse position of the drop from the channel bottom plane is denoted by x d while its final steady state position is given by x d,∞ .
linearized version of the equation of state given as (Stone & Leal, 1990; Li & Pozrikidis, 1997) :
where R g is the ideal gas constant, T is the absolute temperature and γ c is the surface tension of a surfactant-free drop which are related mutually by γ eq = γ c − R g T Γ eq . Under these considerations equation (2) becomes
To identify the various important dimensionless numbers and property ratios we choose the drop radius a as a reference length scale, the centerline velocity of the plane Poiseuielle flow V 0 as reference velocity scale and equilibrium surfactant concentration Γ eq as surfactant concentration scale. In addition to that we choose the physical quantities of the surrounding fluid (µ e , e and σ e ) as references for property values. As a consequence of the above nondimensionalization scheme, the relative importance between electric stress (∼ e E 2 0 ) and hydrodynamic stress (∼ µ e V 0 /a) is depicted by Mason number, M = e aE 2 0 /µ e V 0 . The deformable nature of drop shape is quantified by the capillary number Ca = µ e V 0 / γ eq which signifies the relative strength of viscous and capillary stresses. The ratio between two important time scales associated with the electric charge, namely the charge relaxation time scale t cr = e /σ e and the charge convection time scale t cc = a/ V 0 , is denoted by electric Reynolds number Re E = e V 0 /aσ e . Along similar lines the surface Péclet number P e = a V 0 /D S stands for the relative strength of surfactant convection and diffusion at the drop surface. The property ratios are defined as: electrical permittivity ratio, S = i / e ; electrical conductivity ratio, R = σ i /σ e ; and viscosity ratio, λ = µ i /µ e . Henceforth all the symbols will be dropped to denote the non-dimensional forms of the field variables and property ratios.Thus the dimensionless form of equation (1) takes the below form:
The surfactant concentration also adhere to a mass conservation of at the drop surface denoted as
Electrostatic problem
Following the Taylor-Melcher leaky dielectric model (Taylor, 1966; Melcher & Taylor, 1969; Saville, 1997) , in the present study we have considered absence of volumetric charges and only surface accumulation of charge is taken into account. Thus electric potential in and around the drop (ϕ i , ϕ e ) are governed by the Laplace equations, given as
The electric potential takes finite values inside the drop, i.e. ϕ i is bounded at r ≤ r S . Also the far stream potential-gradient is determined by the imposed electric field by the following relation: as r → ∞, ∇ϕ e = −E ∞ . At the drop interface potential continuity is satisfied. The interface balance of charges is governed by a competition between Ohmic conduction and surface convection of accumulation charges. In addition we consider the approximation of quasi-steadystate which assumes instantaneous adjustment of surface charges to the background flow-field. Thus in mathematical notation the charge balance at the interface becomes
In the above equation n denotes the unit normal vector at the drop surface and ∇ S is the surface divergence operator. The interfacial charge density (q S ) appearing in equation (7) is triggered by a mismatch between the electrical properties of the two fluids and is determined by the relation:
The influence of fluid flow on the electric potential distribution is embedded in equation (7), hence suggesting a two-way coupled nature of the electrostatics and hydrodynamics in the present problem.
Hydrodynamic problem
Here we assume the creeping flow limit (Re 1) (Happel & Brenner, 1983) for flow inside and outside of the drop and thus neglect the inertia term in the Navier-Stokes equation. Thus the hydrodynamics can be fully described by the Stokes-flow equations and the incompressibility conditions given as
The velocity and pressure inside the drop (u i , p i ) satisfy boundedness at the origin of the reference frame which is fitted at the drop centroid and translates with the drop (U d ). In the far-field, flow velocity approaches the imposed plane Poiseuielle flow condition, i.e. at r → ∞, u e = V ∞ − U d . At the drop interface fluid velocities are continuous (u i = u e ) and follow a quasi-steady-state no-penetration condition (u i · n = u e · n = 0).
For a clean drop the hydrodynamic and electric stresses balance each other at the interface. However when the drop surface is coated with a non-uniform distribution of surfactants, an additional interface stress component known as the Marangoni stress, contributes to this balance. Thus the resultant stress balance takes the following form:
In order to quantify the impact of non-uniformity in surfactant concentration on the surface tension, we introduce a phiscochemical parameter known as the elasticity number β(0 ≤ β ≤ 1) (Stone & Leal, 1990; Li & Pozrikidis, 1997; Mandal et al., 2016a) . This is defined as
Here the surface elasticity number (β) is varied between a range of 0 and 0.8. To elucidate the effect variability in of surfactant concentration distribution on the stress balance condition, we represent the tangential and normal stress balances as follows
and
respectively. Here (I − nn) is the surface projection operator.
Solution using asymptotic perturbation
The governing equations of electrical potential, hydrodynamic quantities and surfactant concentration along with their boundary conditions, are highly nonlinear and are coupled to each other in such a manner that it prohibits a closed form analytical solution for arbitrary range of relevant dimensionless numbers namely Ca, P e, Re E and M . Also drop surface deviates from the initially assumed spherical shape upon application of flow field. This renders the applicationpoints of the boundary conditions unknown beforehand. Thus we proceed by considering a feasible range of the dimensionless parameters involved. In most of the practical conditions these parameters are found to be in the range: Ca 1, Re E 1 and M ∼ 1 (Mhatre & Thaokar, 2013; Xu & Homsy, 2006; Bandopadhyay et al., 2016a) . Hence we choose Ca and Re E as perturbation parameters and proceed to obtain a solution using a double asymptotic perturbation.
It is important to note that a perturbation scheme based on the surface Péclet number (P e) has been previously employed in several earlier studies (Pak et al., 2014a; Das et al., 2017b; Subramanian & Balasubramaniam, 2005) related to spherical drop surfaces. However, with the present consideration of a deformable drop surface it is not possible to adopt Ca and P e as independent dimensionless numbers (Stone & Leal, 1990; Mandal et al., 2016c ). Thus we take a different route and define a dimensionless physicochemical parameter composed of different property constants and the length scale as (Stone & Leal, 1990; Mandal et al., 2016c; Das et al., 2017a) 
We can now express Péclet number in terms of k and Ca as (P e = k Ca). In the present study we focus on the condition where the surface Péclet number is low (P e 1) (Pak et al., 2014b; Das et al., 2017a; Mandal et al., 2016c) . Such a condition physically interprets the situation where the diffusion of surfactant molecules is much stronger than the convection effect. Thus the parameter k turns out to be an O(1) constant.
Based on the above perturbation scheme, any field variable ζ can now be expressed in a general form as
However, the stress and pressure variables inside the drop region should be expanded in a slightly different manner as follows Mandal et al., 2016d ; Chan & Leal, 1979) :
In a similar fashion the dimensionless drop radius can be written as
In the above equation f (w) (where w = Ca, CaRe E and Ca 2 ) are functions of θ, φ and denote the shape function in various order of perturbation. The surfactant concentration Γ(θ, φ) can be similarly represented as (Ha & Yang, 1995; Stone & Leal, 1990; Mandal et al., 2016a) , given as
When the drop shape deviates from sphericity owing to imposed conditions, the boundary conditions for electric and hydrodynamic problems are to be determined at the modified dropbulk fluid interface locations. On the other hand, shape distortion is dependent on the flow behavior. However, under the assumption of small deviation of drop shape from sphericity, we can apply the domain perturbation technique and represent any generic variable at the deformed surface as
This allows us to apply the boundary conditions at r = 1 with appropriate account of the correction terms presented above. Based on the above formulation the surfactant transport equation for various orders of expansion takes the following forms:
Leading order:
Order Re E : at r = 1, k∇ S · (u
Order Ca :
Description of field variables
Since the Laplace equation (equation (6)) is satisfied by the electric potentials both inside and outside of the drop, the electric potentials can be conveniently expressed in the form
[a n,m cos(mφ) +â n,m sin(mφ)] P n,m (η)
Here P n,m (η) denotes the associated Legendre polynomial of degree n and order m with an argument η = cos(θ). Also ϕ ∞ stands for the unperturbed electric potential in the farstream and represents the externally applied electric potential by means of a tilted electric field E ∞ . Thus the far-stream potential exists only in the leading order and takes the form ϕ
In the subsequent sections a n,m ,â n,m , b −n−1,m andb −n−1,m will be determined for various perturbation orders (w = 0, Ca, Re E ) using appropriate set of boundary conditions and thereafter applying orthogonality of P n,m (η).
From equation (9) it is evident that the flow fields both inside and outside the drop are Stokesian and satisfy the incompressibility condition as well. Hence we adopt the Lamb's general solution method (Lamb, 1975; Happel & Brenner, 1983; Hetsroni & Haber, 1970) to obtain the velocity and pressure at different orders of expansion. According to this method velocity and pressure inside the drop can be expressed as a summation of growing solid spherical harmonics (p n , Φ n , χ n ) in the form:
while the outside velocity and pressure fields outside the drop can be expressed in terms of the decaying solid spherical harmonics (p −n−1 , Φ −n−1 , χ −n−1 ) and far-stream conditions:
The detailed expressions of the growing and decaying harmonics in terms of the associate Legendre polynomials P n,m can be found in earlier studies (Hetsroni & Haber, 1970; Happel & Brenner, 1983; Bandopadhyay et al., 2016b) , and thus we do not repeat them here for sake of brevity. Now following Haber & Hetsroni (1972) , we can express the surfactant concentration as a summation of spherical harmonics given in the form:
Similarly the shape functions associated with drop deformation are represented as
In order to determine the constants involved (A n,m , B n,m , C n,m , A −n−1,m , B −n−1,m , C −n−1,m , Γ n,m and Γ −n−1,m ) in the expressions of spherical harmonics, the boundary conditions are transformed in consistent vectorial forms similar to the method adopted by several authors previously Haber & Hetsroni, 1972; Bandopadhyay et al., 2016b; Mandal et al., 2016b; Das et al., 2017a) . Next we simultaneously solve the surfactant transport equation, all the boundary conditions for electric potential and hydrodynamics except the normal stress boundary condition (equation (13)). Consequently, the force-free condition on the drop:
is utilized at different perturbation orders. Here electrical and hydrodynamic forces on the drop can be obtained as
respectively. Thus we obtain the arbitrary constants associated with various spherical expansions and a complete description of the field variables in terms of the physicochemical and geometric parameters, can be provided. Finally the normal stress boundary condition (equation (13)) is used to obtain the harmonics (L n,m ,L n,m ) associated with the shape deformation of the drop.
Combination of surfactant, electric field and imposed flow
In this section we elaborate the coupling between the non-uniform surfactant distribution and the imposed electric field along with the flow effects presented due to an imposed Poiseuielle flow.
Leading order description
Here we only consider a spherical drop in the absence of surface charge convection. In this case the electrical problem is uncoupled from either of the flow field or the surfactant concentration distribution and thus can be represented as a function of electrical properties only. In this order the surfactant concentration distribution takes the form:
Various surface harmonics appearing in the above equation are provided in Appendix-A. Following equation (A-1), it can be inferred that the term c 2 in the applied flow field, denoting a gradient in the shear stress, has significant consequences in governing the surfactant distribution. Moreover Γ (Ca) is not only affected by the imposed Poiseuielle flow parameters but also electrical effects have an important role to play in it. While in some of the terms both effects are coupled (e.g. Γ (Ca) 2,1 ), some other terms only exist when an electric field is present (e.g. Γ (Ca) 2,0 and Γ (Ca) 2,2 ). The pressure and velocity fields in both interior and exterior to the drop can be completely expressed with non-zero harmonics upto n = 3. The detailed description of these variables are provided in the supplementary material. Solving the force-free condition (equation (30) With a complete knowledge of the hydrodynamic variables of the leading order we now invoke the normal stress balance equation (equation (13)) at the interface to get the O(Ca) shape function as
The expressions of non-zero spherical harmonics (L (Ca) n,m ) in the shape function are presented in the Appendix-B. A closer look into the correction terms in equation (A-2) reveals that they still contain electrical terms apart from the imposed flow and surfactant effects. This demonstrate the fact that beyond a linear superposition of the surfactant and electrical effects, a complex interplay of these two effects decide the shape deformation characteristics of the drop.
O(Re E ) : Effect of finite surface charge convection
In this order of perturbation we only consider a finite amount of surface charge convection (Re E = 0) which from mathematical viewpoint only modifies the charge balance condition (equation (7)). In addition, the drop deformability is also not considered. As a consequence, similar to the leading order case, stress balance conditions are evaluated at the spherical surface itself and they also take similar mathematical forms as that of the leading order case. The main difference with the leading order case lies in the charge continuity equation which in this case takes a form:
The above equation shows that the O(Re E ) electric potential distribution carries the information about the charge distribution and fluid velocity at the interface. It has been pointed out earlier that the leading order charge distribution (q
is not influenced by the surfactant effects. However, the leading order surface velocity (u (0) S ) does contain the effects of surfactant parameters. Thus unlike the leading order, in the present case we find the electrical potential distribution getting affected by the inhomogeneity in surfactant distribution.
In this case the surfactant distribution is can be expressed in the form
The detailed expression of the O(Re E ) charge distribution (q
) and the surfactant harmonics (Γ (CaRe E ) n,m ) can be found in the supplementary material. The non-zero spherical harmonics, in the O(Re E ) pressure and velocity field descriptions, exists upto n = 5. The expressions of the constants, which make up these spherical harmonics, convey both the charge convection and surfactant distribution effects.
Contrary to the leading order case, in this order, the solution of the force free condition gives both the longitudinal and transverse components of drop velocity. The transverse component is given as U
where
(39) It is evident from the above expressions that U
Clean is a function of M, E x , E z , R, S, λ and c 2 while the surfactant correction term
contains only β, k and λ. Similarly the axial migration velocity can be represented as
In contrast to the cross-stream velocity, for the longitudinal component (U
), the surfac-
is a function of the externally applied electric field components E x and E z (in addition to λ, β and k). This again shows a complex interplay between electrical and surfactant parameters. The expression of U
being too lengthy to present here, has been provided in the supplementary information. It is to be noted that unlike the leading order, the Marangoni effects comes through a multiplicative factors in the O(Re E ) drop velocity components. This suggests that the Maxwell and Marangoni stresses at the interface interact in a non-trivial manner beyond just an additive superposition.
Next we employ the normal stress balance equation, solving which gives us the O(CaRe E ) shape function can in the form
Again all the harmonics are provided in the supplementary material.
O(Ca) : Effect of drop-surface deformability
In this step all the boundary conditions are applied on the deformed surface (r = 1 + Caf (Ca) ).
Hence the information about spherical harmonics (L (Ca n,m ) consisting the O(Ca) shape functions is carried along in all the important quantities in O(Ca). In this order the electric potential inside the drop ϕ (Ca) i consists of growing spherical harmonics upto n = 2 while for the outside medium the potential ϕ (Ca) e contains decaying harmonics upto n = 4. Using the force-free condition (equation (30)) leaves us with the drop velocity components in both cross-stream and longitudinal directions U prohibit us from presenting those here, the expressions again suggest (please refer to the supplementary material for detail expressions) that the electrical and surfactant effects cannot be decoupled in evident forms of linear superposition similar to the leading order case.
It is to be noted that the drop velocity components in any order of perturbation can be obtained by determining only the decaying spherical harmonic p (Lamb, 1975; Happel & Brenner, 1983; Hetsroni & Haber, 1970) ). Due to highly cumbersome algebraic expressions in O(Ca), it is quite difficult to obtain all other constant terms which are required for a complete description of the flow field and the subsequent higher order shape deformation (O(Ca 2 )) through normal stress balance. However, since the primary focus of the present study is to calculate the drop velocity and the subsequent drop motion, it is sufficient to calculate only the constants A
−2,1 . A similar strategy has been adopted earlier by Xu & Homsy (2006) for unidirectional sedimentation of a clean drop under electric field effects.
Depiction of drop trajectory
Since the above calculation shows the drop having velocity components in both parallel and perpendicular to the applied flow direction, it will be interesting to visualize a complete picture of the temporal variation of the drop motion. Towards this we assume a quasi-steady-state migration of the drop. Similar treatment has been adopted by many investigators previously (Hanna & Vlahovska, 2010; Pak et al., 2014a; Schwalbe et al., 2011; Das et al., 2017a; Mandal et al., 2016b) . To investigate the relevance of such consideration, we look into the various time scales governing the flow physics. As the drop traverses in a continuously varying flow field, the flow behavior in both interior and exterior to the drop, distribution of accumulated surface charges and surfactant concentration as well as the deformation of the drop shape, are expected to face changes. Now under the realm of 'quasi-steady state' we assume that these temporal processes are occuring at much smaller time scales as compared to the drop migration time scales in either of the directions (t d,z , t d,x ) . It can be shown (please refer to Appendix C) that the present considerations of a drop motion in the Stokes flow regime (Re 1), small surface charge convection (Re E 1), small shape deformation (Ca 1) and a diffusion dominated transport of surfactant molecules (P e 1), make the 'quasi-steady state' assumption applicable in the present context. Under such a condition the resultant drop velocity takes the form:
Now the various orders of drop velocity contain the external flow terms c 0 , c 1 and c 2 , which in turn are functions of drop transverse position at that instant x d (t). Thus we can obtain a temporal depiction of the position of the drop (x d (t), z d (t)) by solving the following two ordinary differential equations:
The above two equations suggest that a functional form of the cross-stream position can be found by integrating equation (43a) alone and is given as
where t S is a characteristic time constant to reach the drop its steady state position It has been previously found ) that for a clean drop the steady state time scale t S is only a function of H, λ and Ca. However in the present case, the surfactant parameters β and k are also responsible for variations in t S . The other important quantity x d,∞ is decided by a functional dependence on H, Ca; electrical variables M, E x , E z , R, S, Re E as well as surfactant effects (quantified by β, k, λ). The detail expressions of t S and x d,∞ are provided in the supplementary information. Before proceeding with a detail discussion of the results obtained we compare them against various previously published works in different limiting conditions (please refer to Appendix-D) and thus obtain a reasonable confidence on the accuracy of the present analytical calculations.
Results and Discussions
In this section we consider a leaky dielectric drop suspending through an another leaky dielectric medium and explore the consequences of the surfactant coating on the drop surface. The imposed Poiseuille flow affects the surfactant distribution and generates Marangoni stress. This Marangoni stress not only affects the flow field but the resulting drop shape is also affected. As a consequence of these two effects the pattern of accumulation of interfacial charge is also altered. Again the electrical Maxwell stress triggers a n electrohydrodynamic flow, which modifies the surfactant distribution. Thus all the three important aspects (Poiseuille flow, surfactant distribution and electric charge distribution) interacts with each other. In the following sub-sections we describe how such a coupled phenomena can modulate the drop motion. We first consider a spherical drop without the deformations taken into account. In this case only the charge convection effect is highlighted. In the next step the deformed surface is considered separately. Finally the impact of the non-uniformity in surfactant distribution on the drop motion, with a simultaneous consideration of charge convection and shape deformation, is discussed.
3.1. Effects on a spherical drop 3.1.1. Mechanisms of surfactant effects
To get an insight of the physical mechanisms responsible for various effects caused by the surfactant parameters, namely the eleasticity constant (β) and the physicichemical parameter (k), it is necessary to understand how the surfactant concentration (Γ) and interfacial tension (γ) behave with those parameters. The parameter β has a direct consequence of affecting the tangential Marangoni stress equation (12) by altering the gradients in surface tension. On the other hand the parameter k symbolizes an enhancement in the convection of surfactant molecules. Comparing the figures 2(b) and 2(a), it can be observed that an increase in β causes a sharp increase in surface tension gradients (|γ max − γ min |) while the surfactant concentration shows a trend of reaching towards the equilibrium condition, Γ = 1. Similar phenomena was also previously observed by Li & Pozrikidis (1997) for the case of a surfactant-laden drop in linear shear flow. A deeper reflection reveals that, the stronger the surface tension gradient (|γ max − γ min |) becomes the more it opposes the convective transport of surfactant molecules. As a result the gradient of surfactant concentration (|Γ max − Γ min |) is reduced and in effect Γ gets redistributed to a form towards equilibrium.
The limiting condition of k = 0 or P e = 0, indicates that surface diffusion of surfactant molecules is so high that the convection effects become negligible and gradients in surface tension becomes diminishingly small. This corresponds to a physical situation when the drop surface is uniformly coated with surfactants (Stone & Leal, 1990 ). An increase in the parameter k, on the other hand, stands for an increase in the surface Péclet number (P e) for a constant Ca (refer to equation (14)). Thus it leads to an increased convective transport of surfactant molecules in a manner that the opposing effect initiated by an increase in surface tension gradient is surpassed. A coherent observation can be made by studying the figures 2(c) and 2(d).
The electrical parameters have also their part to play in influencing the surfactant concentration distribution Γ(θ, φ) on the drop surface. In figure 3 the effects of both the angle of tilt of the applied electrical field (θ e ) and the relative importance of the electrical stresses compared to hydrodynamic ones (quantified by Mason number (M )), are highlighted. Figures  3 (a) ,(b) and (c) reveals that the surfactant distribution follows a virtual symmetry axis similar to the applied electric field direction while the maximum and minimum values of the surfactant concentrations on the drop surface remain unaltered. When the Mason number increases not only the values of Γ max and Γ min changes, but also their locations on the surface is altered. In figure 4 the effect of intensity of charge convection (quantified by Re E ) is shown. As the charge convection becomes more and more prominent, similar to the effect due to Mason number, the distribution of surfactant molecules is affected in both qualitative and quantitative manners. For obtaining a better insight, we plotted the surfactant concentration at various and surface tension (γ) for various values of elasticity parameter (β) and the physicochemical constant (k). For all the subplots φ = π/4, (θ e = π/4), Re E = 0.2, M = 1, Ca = 0.2, R = 0.1, S = 10, x d = 4 and H = 10. For subplots (a) and (b), k = 0.5 while for subplots (c) and (d), β = 0.8 is taken. angular locations on the surface in figures 5 and 6. Thus the distribution behaviour of the surfactant molecules are also tremendously sensitive to the electrohydrodynamic conditions. The implications of such effects on the drop migration will be explained in course of the following discussions. 
Interfacial charge distribution
Here we show the surfactant induced alterations in the distribution of accumulated charges on the undeformed drop surface in the presence of a tilted electric field (θ e = π/4). In figure 7 (a) we plotted the polar variation of the surface charge at two symmetrically opposite locations about the axial plane (φ = π/4 and 3π/4). For the surfactant free case itself the surface charge follows an asymmetric distribution about the transverse plane. When the surface is coated with surfactants, q S still displays such symmetry-breaking behaviour for both φ = π/4 and 3π/4, but its distribution pattern is remarkably different. In regions close to θ = 0 and π/2 the positive charges get depleted while the negative charges are depleted in the regions close to θ = π/2. As shown in the preceding section ( figure 2(b) ) an enhancement in surface tension gradients result due an increase in β. This triggers an enhanced Marangoni flow which further affects the convection of surface charges and a redistribution in q S (θ) results. Since the parameter k was also found to be augmenting the Marangoni flow (refer to figure 2(d) ), a similar nature in the redistribution of q S (θ) is displayed in figure 7(b) . In the figures 7(c) and 7(d) we simulate the explicit variation in q S in the azimuthal direction. The strong asymmetry in q S about the transverse plane for all values of φ can be observed from these figures. Moreover the redistribution in charges takes place in such a way that the charge density is reduced throughout except some specific points where the accumulation of charges is zero. These locations are indicative of the points where the surface tension is not at all affected by the presence of contaminants. Also in the intermediate points of high charge accumulation, the effects of Marangoni convection is also found to be more prominent.
Drop velocity in the cross-stream direction
In this section we sought to investigate how the drop migration characteristics is altered by a combined influence of electric field and non-uniform surfactant coating. Even when the charge convection effect is not taken into account, an asymmetry in the surfactant distribution results about the axial plane in the presence of a tilted electric field (shown in figure 4(a) ). However this asymmetry is not so severe that it alone cannot cause a cross-stream component of the drop velocity and we found U (0) d,x = 0 (refer to the discussion preceding equation (33)). For a clean drop it is observed previously ) that even for a non deformable drop-surface the charge convection effect can create asymmetry in charge distribution about the axial plane. This leads to a transverse component of drop velocity
Clean which can either be positive or negative depending on the electrical conductivity and permittivity combinations of the drop-surrounding fluid pair. However in the present case, equation (37) suggests that the correction factor F (Re E ) x which quantifies the effect of surfactant on the O(Re E ) correction to cross-stream velocity, is not influenced by any electrical property of the system. In figures 8(a),(b) and (c) ≥ 0). To analyze the physical mechanism we appeal to figures 7(a) and 7(b) where it is observed that the surfactant parameters β and k cause remarkable modulations in the asymmetric pattern of the charge distribution about the axial plane. It was also observed that the surfactant concentration itself assumes an asymmetric pattern of varying extent about the axial plane (shown in figures 2(a) and 2(c)) in the presence of a tilted electric field. Thus the mechanism of convection of charges due to surface flow, is now counteracted by an decrease in the convective flow strength owing to the gradients in the surface tension. As a direct consequence the electrohydrodynamic flow around the drop pattern is affected severely. This can be visualized by looking into the modulations in leading order surface velocity u 
On the other hand as the drop internal viscosity increases, the internal circulation strength becomes more and more weak and the Marangoni stress has very little to offer in affecting the circulation behaviour. With λ 1, the drop surface become almost immobile and it behaves as rigid sphere. In that case the surface convection velocity vanishes. As a consequence both the charge convection and surfactant induced Marangoni effects have diminishingly smaller contribution in controlling the drop migration velocity i.e. lim λ→∞ U
is observed in figure 8(c) .
Drop velocity in the longitudinal direction
Drop velocity component in the direction parallel to the imposed flow (z-direction) for a nondeformable drop can be expressed as
. From mathematical arguments it can be shown that for the realistic range of the controlling dimensionless parameters (0 ≤ (33), is always a negative quantity. Unlike
is dependent on the direction of the externally applied electric field (please refer to equation (40)). To obtain an overall picture of the surfactant effect, we define a correction factor as
which quantifies the extent to which the longitudinal drop velocity is altered in the presence of surfactant coating. In figure 9 (a) it is observed that, the drop lags behind the flow. However an increase in the elasticity parameter β or the physicochemical constant k, causes the axial migration speed to enhance and thereby making the drop follow the applied flow speed. Figure 7 (a) portrays the fact the even for a clean drop, in the presence of charge convection there is clear asymmetry in the charge distribution about the transverse plane. This also becomes more evident if the the azimuthal distribution of q S is compared for θ = π/4 and 3π/4 in figure 7(c). This being the case for a surfactnat-free drop, a non-uniform distribution of surfactant molecules greatly affects the extent of the asymmetry in charge distribution about the transverse plane, thus modifying the asymmetric distribution of tangential electric force itself (shown in figure A-1(b) ). In turn the drop force on the drop in the longitudinal direction also gets modified nature of which is decided a complex interplay among the electric, hydrodynamic and Marangoni stresses.
In contrast to the cross-stream velocity, the drop exhibits longitudinal movement at any direction of the applied electric field 0 ≤ θ e ≤ π/2. Now from equation (40), the O(Re E ) axial velocity is dependent on the electric field components, apart from being a function of β, k and λ. while the parametric dependence of F CC z is presented in 9(c) which shows that the longitudinal drop velocity gets enhanced with increasing β for all values of 0 ≤ θ e ≤ π/2. Changing the direction of the applied electric field severely affects the surfactant distribution (as shown in figure 3 ), which in turn modifies the way the electrohydrodynamically induced flow interacts with the Marangoni flow. Thus the resultant interface stress gets altered, which again modifies the drag force on the drop dictating the drop velocity. Now from the inset of figure 9(a) we find that U ) decreases. Also in figure A-2 we find that it gets further reduced if the tilt angle is increased. Although the O(Re E ) longitudinal velocity is associated with the phenomena of charge convection, the practical effect of the same can only be realized when it is added to the leading order term to give an overall physical velocity in the z direction as
. Now the leading order velocity U (0) d,z is > 0 for the said choice of parameters in the figure, with or without surfactant coating. As a resultant effect the reduction in U d,z due to charge convection gets suppressed by Marangoni flow. In order to have a clear picture about the opposing effects of Re E and β in modifying U d,z we provide a map of the parameter F CC z on the Re E − β plane in figure 9(b) . It shows that as the charge convection effect increases (quantified by Re E ), the Marangoni flow (quantified by β), in effect, causes more and more augmentation in the longitudinal drop velocity (U d,z ). This behavior is increasingly dominant as the tilt angle of the applied electric field increases before reaching the maximum in the case of transverse electric field (at θ e = π/2) (see figure 9(c) ).
Effects on a deformable drop 3.2.1. Drop velocity alteration in the cross-stream direction
Towards explaining the surfactant related effect we first look into the possible change in the electrohydrodynamically induced drop shape deformation that surfactants can bring in. In figures A-3(a) and A-3(b) we have shown the variations in the drop cross section perpendicular to the lateral migration direction (A yz ). Previously it was observed in figure 2 of section 3.1.1 that the local surface tension (γ) of the drop reduces at some localized positions where the surfactant concentration becomes high. As a consequence, the drop surface in those locations have to deform more in order maintain a balance the normal stress (please refer to equation (13)). This mechanism is known as the 'tip stretching' phenomena (Pawar & Stebe, 1996) . Now figure  A-3(a) shows that an increase in either of β or k, the drop cross section gets reduced for R = 5 and S = 0.5 and thus U
is expected to increase due to reduced flow resistance. This is in apparent contradiction to the increasing trend of |U figure 10(b) . This can be resolved by realizing firstly that the amount of shape change due to surfactants is very low in this case thus rendering the 'tip stretching' to play a very minor role in this case. Secondly, even in the case of a clean drop surface when an electric field is applied it causes a drop deformation and subsequent modifications in charge distribution on the drop surface results. This charge distribution gets altered significantly when Marangoni stress comes into play. As a consequence of such phenomena the electrohydynamic flow pattern is redistributed in a way that has the potential to affect the drag force on the drop and also the resulting drop velocity magnitude. As an example of such effect we appeal to figure A-1(a) where the significant alterations in the surface flow due to surfactant was captured in terms of changes in the u (0) S components. In addition we present figure A-4 which shows that the O(Ca) correction to the electrohydrodynamic traction force distribution [[T E,(Ca) ]] also gets modified when the surface elasticity (β)
varies. In the case of R = 5 and S = 0.5, the small amount of surfactant induced deformation effect is surpassed by the above effect. In contrary to above, for a choice of parameters R = 0.1, S = 10 the drop cross-section gets increased with surfactant effects (refer to figure A-3(b) ) although again the amount of modulations is very low. This effect, competes with the electrohydrodynamic flow modification (c) Figure 9 : Effect of surfactant parameters on longitudinal drop velocity (defined as
) for a non-deformable drop. Subplot (a) shows the normalized drop velocity vs. β for different values of k. Here the drop velocity is normalized with respect to the magnitude of the imposed flow velocity at that location |V ∞ |. The corresponding variation in U effect and finally due to a resultant consequence a reduction in |U (Ca) x | is observed. Figure 10 (c) depicts an increasing trend of surfactant effect with increase in Mason number. It can be explained as follows. As the Mason number increases, charge convection becomes more and more prominent and also it causes tremendous changes in the surfactant distribution. This leads to a greater gradients in surface tension and the Marangoni stress has a greater scope to influence the drop velocity. It ( figure 10(c) ) also suggests, when the applied electric field is either axial (θ e = 0) or transverse (θ e = π/2), changing the Mason number (M ) has no effect on the surfactant contribution. It is due to the fact that in those cases the deformation-triggered cross-stream velocity is not at all affected by electrical effects and is generated solely due to hydrodynamic effects (Mandal et al., 2016c) . When the electric field is applied at an angle θ e > 0, the parameter F (Ca) x decreases continuously before reaching at a minima at θ e = π/4. In a symmetric manner, a further increase in tilt angle causes F (Ca) x to increases, physically depicting a fall in the surfactant-induced retardation effect.
Drop velocity alteration in the longitudinal direction
It is evident from figure 11(a) that in the absence of surfactant induced Marangoni effects, the drop lags behind the flow (i.e. U d,z /|V ∞ | < 1) for the choice of electrohydrodynamic parameters. An increase in either β or k indicates a corresponding enhancement in the Marangoni stresses. Now the variation of projected area perpendicular to the drop motion direction shows that A xy increases with increasing values of surfactant parameters (shown in figure A-5) . Similar to the discussion in the preceding section (3.1.3)), a combination of the mechanisms of tip stretching and redistribution of electrohydrodynamic stresses on the deformed surface, causes an increase in the drag force on the drop in a direction opposite to its longitudinal motion. This creates further retardation in the longitudinal motion of the drop.
Similar to the case of O(Re E ) (section 3.1.4), in order to quantify the surfactant induced modifications in the longitudinal drop velocity where the shape deformation is the dominant mechanism, we define another overall surfactant correction parameter as
and investigate the effects of the electrical property ratios R and S in figure 11 (b) . It is observed that for the choice of parameters in figure 11(a) (R = 0.1, S = 20), a significant effect of surfactant results. However, for some other choices similar to those used in the case of O(Ca) cross-stream velocity ((R, S) = (5, 0.5) and (R, S) = (0.1, 10)) in section 3.2.1, the surfactants play a very minimal role in altering the longitudinal drop velocity (
). This indicates that the capability of surface active agents in modifying the drop motion in each direction can be selectively tuned with a suitable choice of electrical conductivity and permittivity ratios of the drop-surrounding fluid pair.
It is worth to mention that in general the charge convection (O(Re E )) and shape deformation (O(Ca)) may be significant for a system simultaneously. Having a deep insight of the Marangoni effects on each of the mechanisms, as discussed in the preceding sections, will be advantageous in grasping the overall picture. 
Drop trajectory
In all the demonstrative examples so far we have considered a fixed value of the drop location (x d , z d ) at that specific instant of time. However the drop tries to adjust itself with the continuously varying surrounding flow conditions during its motion. The surfactant distribution, surface charge and the interfacial flow velocity are altered in such way that the drop begins to move in the longitudinal as well as in the cross-stream direction. Under the quasi-steady state assumption the drop trajectory was obtained in section 2.3.2. Figure 12(a) shows that an increase in β causes the drop to settle down to a steday state transverse location much lower than a clean drop. This can be explained again by following the figure A-6(a) which shows that the magnitude of the cross-stream migration velocity (|U d,x |) gets reduced for an increase in the elasticity parameter (β). In addition, the time required to reach the final steady state position t S is increased for the same conditions. With an other parameter choice (R = 0.5, S = 5, M = 0.1), figure 12(b) demonstrates that the downward drop motion away from the centerline is slowed down and finally it reaches a lateral position (x d,∞ ) which is much higher than a clean drop. Comparing figures 13(a) and 13(b), it is found that for similar change in x d,∞ for different values of R, S, the Mason number range is significantly lower. This suggests that the surfactant induced change in steady state drop-position in lateral direction is dictated by a compley interplay among electrical properties. As the electrical effects increase compared to the hydrodynamic effect, presence of the surfactant molecules can alter the final drop location in a more dominant fashion.
The combined action of charge convection and the shape deformation leads to a resultant cross stream velocity defined as 
Conclusions
In this paper we consider a physical microfluidic system of drop transport through a parallel plate channel. The motion of the drop is actuated with the simultaneous presence of a pressure driven flow (V ∞ ) and an uniform electric field (E ∞ ) whose direction can be controlled. Additionally the drop surface is contaminated with the presence of a non-ionic surfactant coating. The nonlinearities associated with the charge convection, surfactant transport and shape deformation make the system of govering equations and boundary conditions highly coupled.
Thus the hydrodynamic equations in the creeping flow limit are first solved concurrently with the electrical potential and the convection-diffusion equation of surfactant transport. In each order of perturbation (O(1), O(Re E ) and O(Ca)), we employ the force free condition to obtain the drop velocity components. The obtained solution of the velocity and pressure field in both inside the drop and outer fluid are then utilized to solve the normal stress balance equation. Consequently a description of the deformed shape is obtained within the purview of the small deformation theory. Finally a description of the drop trajectory (x d (t), z d (t)) was provided in the 'quasi-steady-state' condition. Under various limiting situations, our resuting expressions of various key parameters match against the existing works in the literature thus indicating the validity of the present mathematical calculations. During the discussion of the results, the effect of various electrical (R, S, M, θ e , Re E ) and surfactant related parameters (β, k, λ) were demonstrated and possible physical mechanisms were critically investigated. The important observations can be summarized as follows:
(i) The surfactant distribution is found to be tremendously affected by the electrical parameters such as the Re E , M and θ e . Due to a complex coupled nature of the surfactant transport and charge convection mechanisms, the surface tension gradients gets enhanced with an increase in the charge convection effect. Similarly with increasing dominance of the electrical stresses relative to the hydrodynamic stresses (quantified by M ), the surface tension gradient (|γ max − γ min |) also increases. Also the nature of surfactant distribution closely follows the direction of the applied electric field (θ e ).
(ii) Owing to a noticeable influence of the surfactant distribution on the electrohydrodynamic flow pattern, the accumulation of surface charges is also found to be altered a lot. With an increased sensitivity of the surface tension on the surfactant concentration, the drop surface gets depleted of charges in some places, while more accumulation is caused in some other locations.
(iii) In the leading order the longitudinal component is the only existing component of the drop velocity (U (0) d,z ). The correction term due to a presence of non-uniform surfactant distribution is free from any electrical effects and becomes a linear superposition to the corresponding clean drop-drop case. Also surfacants will try to retard the axial migration of the drop by reducing the magnitude of (U
(iv) In the O(Re E ), both the cross stream and longitudinal components of the drop velocity (U
) are found to be altered in the presence of surfactants. It is found that the magnitude of U ) is again not affected by the electrical parameters. When the drop internal viscosity is too high as compared to the surrounding fluid (λ 1), the Marangoni effect is much stronger while it diminishes as λ → ∞.
), on the other hand is dependent on the applied electric field direction θ e as well. The amount of reduction in (U
) is maximum if an axial electric field is applied, while is continuously less influential as the tilt angle reaches towards the lateral configuration θ e = π/2. However, since in the present case the charge convection effects itself reduces the drop velocity, surfactants act to cause an augmentation in the overall axial migration sped of a spherical drop (U d,z = U (vii) The surfactant effect on the shape-deformation triggered cross-stream migration velocity, is of maximum intensity when the tilt angle θ e of the applied electric field is π/4. The said effect have negligible influence as the external electric field approaches either a perfect axial (θ e = 0) or lateral direction (θ e = π/2). A further enhancement in such effect results with increasing Mason number (M ).
(viii) The quasi-steady state drop trajectory under the simultaneous action of a background plane Poiseuielle flow and a tilted electric field, is also greatly influenced by the non-uniform distribution of surface-active molecules along the surface. The surfactant effects, quantified by an increase in β or k, can either cause the drop to move towards or away from the channel centerline depending on the particular choice of parameters R and S. Similar to some other important quantities, the surfactant-induced relative increase or decrease in the steady state final transverse position of the drop, is increasingly pronounced at higher values of the Mason number (M ) and near θ e = π/4. The time required for the final steady state transverse position in the channel (t S ) is reduced in the presence of surfactant-induced Marangoni stress.
Our study reveals that adding non-ionic surfactant on the surface of a electric field actuated drop in a plane Poiseuielli flow, provides a means for selectively controlling the velocity components. Most interestingly the electrical property ratios (R, S), the Mason number (M ) and the tilt angle (θ e ) of the externally applied uniform electric field bring remarkable changes in the surfactant effects. In practice, such physical consequences can be exploited in achieving an additional degree of control in optimizing drop motion through common microfluidic devices. 
